The in-plane infinitesimal deformations of graphene are well understood: they can be computed by solving the equilibrium problem for a sheet of isotropic elastic material with suitable stretching stiffness and Poisson coefficient ν (m) . Here, we pose the following question: does the Poisson coefficient ν (m) affect the response to bending of graphene? Despite what happens if one adopts classical structural models, it does not. In this letter we show that a new material property, conceptually and quantitatively different from ν (m) , has to be introduced. We term this new parameter bending Poisson coefficient; we propose for it a physical interpretation in terms of the atomic interactions and produce a quantitative evaluation.
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Introduction
The in-plane energy of an isotropic elastic sheet, occupying a two-dimensional region Ω, is
where, for u the in-plane infinitesimal displacement, E = 1/2(∇u + ∇u T ) is the strain, E is the stretching stiffness, and ν (m) is the Poisson coefficient. Instead, the bending energy of the sheet is
where w is the infinitesimal transversal displacement; D and ν (b) are two parameters, the first of which is the bending stiffness. Energies (1) and (2) are classically deduced from a three-dimensional model from which it results that ν (b) = ν (m) . In Davini [5] , see also references therein, it has been shown that the energy associated to in-plane infinitesimal deformations of graphene has the same form of (1) with E and ν (m) given in terms of elastic lattice constants.
Here, we are mainly concerned with the bending behavior of graphene. At macroscopic level, graphene can be considered as an elastic sheet able to sustain bending, a feature that has attracted a growing interest in the past few years because of the possible technological applications [6] . In this letter we show that the bending energy associated to infinitesimal displacements of graphene can be recast as in (2) , but the identity ν (b) = ν (m) , which holds for classical structural models, does not hold. Indeed, we show that for a graphene sheet
We call bending Poisson coefficient the new independent parameter ν (b) . A major conclusion is therefore that the material parameters D and ν (m) , which are well known in the literature on graphene, are not enough to fully describe the bending behavior.
Indeed, when dealing with the small-deformations, the research has so far mainly focused on the in-plane behavior or on cylindrical bending of graphene; in this latter case, as is clear from (2), the bending Poisson coefficient has no role because det ∇ 2 w = 0. When double curvature deformations are considered (see Fig. 1 ), it is usually supposed that ν (b) = ν (m) . In Zhang et al. [25] , the validity of the energy (1)- (2) is questioned, basically because of the lack of a specific counterpart at the microscopic level; it is there adopted a π-orbital axis vector model and tight binding computations based on density functional are performed, and some limits on the validity of the standard continuum theory have been described. Nevertheless, in the simulations carried out just cylindrical bending has been considered, a circumstance that cannot highlight the need of considering a bending Poisson coefficient as already noticed.
The bending stiffness D has been lengthy investigated. An account of the literature on the subject would be necessarily incomplete, and the reader is addressed to the very recent review by Akinwande et al. [1] . In particular, we refer to evaluations based on molecular dynamics computations [11, 17, 8] . Other techniques, such as density functional theory, tight binding, quantum mechanics-based methods, can be found in the literature [14, 22, 12, 20, 10, 9, 24, 19] . Direct measurement of D has been challenging for monolayer graphene as well as for other 2D materials. The value often quoted for the bending modulus of monolayer graphene is 1.2 eV, estimated from the phonon spectrum of bulk graphite [18] . Lindahl et al. [14] determined the bending stiffness of double-layer graphene based on measurements of the critical voltage for snap-through of pre-buckled graphene membranes; the same method was applied to monolayer graphene membranes, yielding a rough estimate with higher uncertainties due to rather limited data point. The membranal Poisson coefficient ν (m) , on the other hand, has been determined by means of density functional theory [13, 23] and by molecular dynamics simulations [3, 4, 21, 15] .
For the new material constant ν (b) , we furnish a nano-scale interpretation and propose an analytical formula induced from the 2nd-generation Brenner potential [4] , which is one of the most used in molecular dynamics simulations of graphene. This parameter rules the attitude of graphene to form surfaces with double curvature, and is fundamental in designing whatever flexible graphene-based device.
A MD-induced description of graphene bending
Molecular Dynamics (MD) simulations are often employed to study the mechanical behavior of graphene and the 2nd-generation REBO (Reactive Empirical Bond Order) potential is one of the most used empirical potentials. As is known, this potential was originally developed for hydrocarbons by Brenner et al. [4] , and is able to accommodate up to third-nearest-neighbor interactions.
In an easy-to-visualize mechanical picture of graphene, the kinematic variables associated with the interatomic bonds involve first, second and third nearest neighbors of any given atom. In particular, the kinematical variables to be considered are bond lengths l, wedge angles ϑ and dihedral angles. From Brenner et al. [4] , dihedral angles are of two kinds that we here term C and Z and denote by Θ (see Fig. 2 ). The first two contributions are related to the strong covalent σ-bonds between atoms in one and the same given plane, while the role of dihedral angles is to account for the local coordination of, and the bond angles relative to, two atoms, and are related to the π-bonds perpendicular to the plane of σ-bonds. We consider a harmonic approximation of the stored energy and assume that it is given by the sum of the following terms:
U l , U ϑ and U Θ are the energies of the edge bonds, the wedge bonds and the dihedral bonds, respectively; τ 0 is the wedge self-stress, responsible of the cohesive energy. The role of the wedge self-stress is crucial and its presence is suggested by the shape of the 2nd generation Brenner potential (see Favata et al. [7] for details). The sums in (3) extend to all edges, E, all wedges, W, all Z-dihedra, Z, and all C-dihedra, C. The bond constants k l , k ϑ , and k Θ are deduced by making use of the 2nd-generation Brenner potential. Here, is the natural length of the C-C bond in the reference configuration; L 1 and L 2 denote the two Bravais lattices realizing the graphene layer (see Fig. 3 , where the nodes of L 1 are represented by blank circles and those of L 2 by black spots); and the attention is restricted to a bounded piece of graphene, that is, to the set of points x ∈ L 1 ∪ L 2 contained in a bounded open set Ω ⊂ R 2 , cf. Fig. 3 . In order to express the energies (3) in terms of the nodal displacements, it is expedient to introduce the unit vectors p i (i = 1, 2, 3) that, from each node of L 2 , point at the nearest neighbor lattice points. We also introduce the vectors
where { d 1 , d 2 } is a couple of lattice vectors that generates the lattice L 1 . We approximate the strain measures associated to a change of configuration, described by a displacement
The hexagonal lattice.
field u, by means of a Taylor expansion truncated at the lowest order that makes the energy quadratic in u.
We notice that, due to the presence of the wedge self-stress τ 0 , also the second order variation of the wedge angles counts. Indeed, if δϑ (1) i (x ) and δϑ (2) i (x ) denote the first and the second order variation of the wedge angles at node x , respectively, computations that we omit for brevity yield that
i (x ) = 0. Thus, when truncated at the quadratic term, the wedge energy becomes
where, here and below, the sum on x is over the set of points (L 2 ∪ L 2 ) ∩ Ω unless differently stated. Computations also show that δl i and δϑ Θ depend upon the out-of-plane component of u. This yields a splitting of the energy into membrane and bending parts
From a detailed study of kinematics, it turns out that the expressions giving the inplane strains δl i and δϑ coincide with those worked out by Davini [5] in dealing with the plane deformations of a graphene sheet. Therefore, that analysis applies and provides a characterization of the continuum limit, for → 0, of the membrane energy U (m) . So, hereafter we concentrate on the bending energy only.
The first term on the right hand side of (4)
is the cohesive energy. 
, defined as the angles between the planes spanned by two adjacent segments in colored chain; with these, the other two terms in the energy can be written as
, and
where U Z and U C respectively are the Z-dihedral energy and the C-dihedral energy. Here, i, i + 1, i + 2 take values in {1, 2, 3} and the sum is to be interpreted modulo 3: for instance, if i = 3, then i + 1 = 1 and i + 2 = 2.
In (6) and (7) we have taken the elastic constants of both types of dihedral energy to be equal, as implied by the potential adopted. We notice also that the term 3 i=1 δϑ (2) i (x ) in the cohesive energy, cf. (5), is always non-positive, as is made clear in the Appendix. Hereafter, we assume that τ 0 < 0 and k Θ > 0, so that all the components of the bending energy are non-negative. (green) and Z-dihedral angle
(green) and Z-dihedral angle
The continuum bending energy
The discrete bending energy U (b) depends on out-of-plane displacements defined over the set
We assume that it can be approximated by a continuous energy U (b) 0 depending on functions defined over the domain Ω, to be determined by letting the lattice size go to zero so that (
Lengthy computations, that we omit for the sake of space, yield:
where w is the out-of-plane component of displacement and
denotes the second partial derivative in the directions of a i and p i+2 ; and o(·) stands for an infinitesimal quantity of order greater than its argument. With (6) in mind, we rewrite this identity as
where E (x ) is the hexagon of side centred at x , whose area is 2 3 √ 3/2 (see Fig. 3 ).
Similarly, we have:
where b i := p i − p i+1 . By writing a i and b i explicitly, using (6) , and observing that the number of items in the sums has order 1/ 2 , for going to zero we find that
Hence, by rewriting the directional derivatives in terms of the partial derivatives with respect to an orthogonal system of coordinates {x 1 , x 2 } we deduce that
Analogous expressions can be derived for U C 0 (w) and U (s) 0 (w), cf. Appendix. Then, by summing all contributions up, we find that the continuum limit of the bending energy is given by:
where we have set
We call ν (b) the bending Poisson coefficient. In sheets of conventional materials, the coefficient ν (b) appearing in eq. (8) is the membranal Poisson coefficient ν (m) . For graphene this is no longer so. In fact from the continuum in-plane energy of graphene one finds:
(see the paper by Davini [5] for a detailed computation). Besides the quantitative evaluations, detailed in the next section, it is worth noticing that the two coefficients are conceptually different, as the nano-scale interpretation given by (9) and (10) clearly reveals. In fact, the membranal Poisson coefficient depends upon (i) the reluctance of two arbitrary atoms to change their distance, captured by k l ;
(ii) the reluctance of three atoms to change their mutual angle, captured by k ϑ .
The bending Poisson coefficient, on the contrary, is determined by (i) the reluctance of four arbitrary atoms to change the dihedral angles they form, captured by k Θ ,
(ii) the amount of the cohesive energy, related to τ 0 .
Equation (8) also confirms that the origin of the bending stiffness
is twofold: a part depends on the dihedral contribution, and a part on the cohesive energy (cf. Favata et al. [8] ). Computations following from the quantitative evaluation of k Θ and τ 0 in the next section show that the two terms contribute to D almost equally.
Results
In order to obtain proper quantitative evaluations of the bending Poisson coefficient, let us recall the 2-nd generation Brenner potential [4] . The binding energy V of an atomic aggregate is given as a sum over nearest neighbors:
the interatomic potential V ij is given by
where the individual effects of the repulsion and attraction functions V R (r ij ) and V A (r ij ), which model pair-wise interactions of atoms i and j depending on their distance r ij , are modulated by the bond-order function b ij , which depends on the angles ϑ ijk and the dihedral angles Θ ijkl . The values of the constant k Θ can be then deduced by deriving twice the potential, and computing the result in the ground state, where r ij = , θ ijk = 2/3π, Θ ijkl = 0. Moreover, from Favata et al. [7] , we take the value of the selfstress τ 0 : τ 0 = −0.2209 nN nm = −1.3787 eV.
It turns out that the bending Poisson coefficient is:
With the values of the constants k l and k ϑ deduced from the 2nd-generation Brenner potential, we find that the membranal Poisson coefficient (10) is
This estimate agrees with the values reported in the literature. For instance, with results obtained by MD simulations that adopt the 2nd-generation Brenner potential [2, 1] . For a further check, we can compare the value of the bending stiffness obtained from (11) with others found in the literature. Indeed, from (11) we get that D = 1.4022 eV, which is in good agreement with the results given in references [16, 24, 1] , although they are deduced by completely different approaches.
Conclusions
In summary, based on the description of atomic interactions provided by the 2nd-generation Brenner potential, we have found a new material parameter that influences the bending behavior of graphene. This parameter, called bending Poisson coefficient, is conceptually and quantitatively different from the already known membranal Poisson coefficient. We have proposed an analytical evaluation in terms of atomistic quantities, revealing its nano-scale physical sources. 
where p With (7) in mind, we write the identities
and deduce that
w(x )) 2 dx + o(1).
By passing to the limit we find
We now compute the limit of the cohesive energy (5). We focus on x ∈ L 2 , since x ∈ L 1 produces the same result with the same steps. Computations show that δϑ (2) i (x ) has the form 
So, in particular, δϑ (2) i (x ) is non-positive definite. By using Taylor's expansion in (12), we find 
